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Abstract

We consider text index construction in external memory (EM).
Our first contribution is an inducing algorithm for suffix arrays in
external memory. Practical tests show that this outperforms the
previous best EM suffix sorter [Dementiev et al., ALENEX 2005]
by a factor of about two in time and 1/O-volume.

Our second contribution is to augment the first algorithm to also
construct the array of longest common prefixes (LCPs). This
yields the first EM construction algorithm for LCP arrays. The
overhead in time and I/O volume for this extended algorithm
over plain suffix array construction is roughly two.

The algorithms scale far beyond problem sizes previously
considered in the literature (text size of 80 GiB using only 4 GiB
of RAM in our experiments).
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0123456738 9101112

Example T = [cababcbababb$]

i T;

0 cababcbababb}$
1 ababcbababb}$
2 babcbababb$
3 abcbababb$

4 bcbababb$

5 cbababb$

6 bababbdbé$

7 ababb$

8 babbs$

9 abb$

10 bb$

11 b $

12 $
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0123456738 9101112

Example T = [cababcbababb$]

SA; TsA,..n

12 $

7 ababb

1 ababc babb$
9 abb$

3 abcba bbb $

11 b $

6 babab

8 babbdb$

2 babchb abb$
10 bb$

4 bcbab b $

0 cabab ababbtg
5 cbaba $
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Example T = [cababcbababb$]

SA; |LCP;| Tsa,..n

12 $

7 abab $

1 ababcbababb$
9 abb$

3 abcbababb}$

11 b $

6 b.a.b,a b b $

8 3 "abb$

2 babcbababb$
10 bb$

4 bcbababb$

0 cababcbababb$
5 cbababb}$
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Example T = [cababcbababb$]

SA; |LCP;| Tsa,..n

12 - %

7 0 |abab $

1 4 lababcbababbd$
9 2 |labb$

3 2 labcbababb$

11 0 (b $

6 1 |b.a,b,a b b $

8 3 |/ babbdb$

2 3 lbabcbababbé$
10 1 |[bb$

4 1 lbcbababbts

0 0O [cababcbababb$
5 1 [cbababbd$

Timo Bingmann, Johannes Fischer, and Vitaly Osipov — Inducing Suffix and LCP Arrays in External Memory
Institute of Theoretical Informatics — Algorithmics January 7th, 2013

5/19



(7 )
MM
original

—
S IT
copy || A/B copy

[1 2

BK
diffcover '

KA
LL/S split

MaF
deep-shallow

{

Na

uccinctj ixed Z

M
chains

[dlvsufsorj [cache aware}

g‘: NZC
x = SAIS/SADS SFEANd,
= -coding
=y
20 Induced Copyin R i
a o pying OSACA ecursion
N

[PSTO7]
updated

1999
2000

2003

2004

2005

2006

2007

2009
2011



(7 )
MM
original

| Suffix Sorting 256 MiB of Gutenberg Text
|n RAM on Intel i7 2.67 GHz e

/3968

KSPP
mod2 split

KJP
fixed ¥

BK
diffcover '
KA
M
chains

L/S split

Na

[succinct]

[dlvsufsorj [cache aware}

NZ

39s

Prefix
Doubling

\

-

O(nlog %)
129/189 s

NZC
SAIS/SADS

AN

Mo: 57's SFE-coding

98 s
Induced Copying OSACAJ Recursion

[PSTO7]
updated

1999
2000

2003

2004

2005

2006

2007

2009
2011



(7 N\
MM
original

| Suffix Sorting 256 MiB of Gutenberg Text
|n RAM on Intel i7 2.67 GHz e

396 s
BK /
diffcover P
KA
M
chains

KS
DC3
v

Na
succinct

KSPP
mod2 split
L/S split

v
KJP
fixed ¥

Prefix

Doubling

[dlvsufsorj [cache aware}

NZ

39s

\

-

O(nlog %)
129/189 s

NZC
SAIS/SADS

AN

Mo: 57 s SFE-coding

98 s
Induced Copying OSACAJ Recursion

[PSTO7]
updated

1999
2000

2003
2004
2005
2006
2007

2009
2011



(7 N\
MM
original

| Suffix Sorting 256 MiB of Gutenberg Text
|n RAM on Intel i7 2.67 GHz e

—

396 s
' /
diffcover
66 s KS KSPP .
KA DC3 mod2 split
L/S split ’

¥
Na KJP
succinct fixed X

M
chains

[dlvsufsorj [cache aware}

NZ

39s

g‘) [ NzC — 129/189s
. = SAIS/SADS AN
= .g 98 s SFE-coding
(]
= A Induced Copying OSACAJ Recursion
\ N

O(nlog |X|)

[PSTO7]
updated

1999
2000

2003

2004

2005

2006

2007

2009
2011



LCP Construction Algorithms AT

Algorithm  Construction Time Space
MM 1993 T — SA,LCP O(nlog n) 9n
KLAAP 2001 T,SA — LCP o(n) 13n
KS 2003 T - SALCP O(n) O(n) EM
M 2004 T,SA — LCP O(n) 9n/5n

PT 2008 T,SA — v-LCP
®-KMP 2009 T,SA — PLCP

GO 2011 T,SA,BWT.LF — LCP

F 2011 T — SA,LCP

O(nv) 6n+0O(%+v)
O(nlog n) 5n+ 3n

O(r?) 11n

O(n) 9n
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0123456738 9101112

Example T = [cababcbababb$]

SA; TsA,..n

12 $

7 ababb$

1 ababchb babb}$
9 abb$

3 abcbab bb$

11 b $

6 bababb

8 babb$

2 babchba abbs
10 bb$

4 bcbaba b $

0 cababc ababb$
5 cbabab $
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Example T = [cababcbababb$] ﬂ(“

SA; TsA,..n

B N K
7 abab $

1 ababcbababb}$
9 abb$

3] |abcbababb$
11 b $

6 bababb$

8 babb$

2 babcbababb$

10 bb$

4| |pbcbababb$
0 cababcbababb$
5 cbababb$
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Example T = [cababcbababb$]
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Example T = [cababcbababb$]

SAi Ti,
2]
7 b
1 C
9 b
3]Db
11| b
6 c
8 a
2 a
10 | a
4] a
0 _
5 b
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Example T = [cababcbababb$] ﬂ(“

SAi|Ti 1| Tsau.m
12/bly
7! |lababb
1 clababcbababb$
9| b |labb$
3|blabcbababb$l
11| b
6| cbababb$
8| a
2| ababcbababb$
10| a |bb $
4] albcbababb$
O| -|cababcbababb}
5| blcbababb$

Timo Bingmann, Johannes Fischer, and Vitaly Osipov — Inducing Suffix and LCP Arrays in External Memory
Institute of Theoretical Informatics — Algorithmics January 7th, 2013 8/19



Example T = [cababcbababb$] ﬂ(“

SAi|Ti 1| Tsau.m
12/bly
7! |lababb
1 c lababcbababb}$
9| b |labb$
3|blabcbababb$l
11| b
6| cbababb$
8| a
2| ababcbababb$
10| a |bb $
4] albcbababb$
O| - |cababcbababbs}
5| blcbababb$
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Example T = [cababcbababb$]

SAi | Ti1| Tsa..n
2B 8o
7| (b [ababb $l
1 c lababcbababb$«2
9 | |abb $«3
3|blabcbababb $k4
11| b
6| cbababb$
8| a
2| ababcbababb$
10| a |bb $
4] albcbababb$
O| - |cababcbababbs}
5| blcbababb$
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SA

T.\l

Example T = [cababcbababb$] ﬂ(“

TSAj...n

|
5
7
o

(o)

ababb $jDbl

ﬁn

ababcbababb$ec?2

labb §«D,3

(o)

abcbababbs$<bid

|
T M P o T
|
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Example T = [cababcbababb$] A\KIT

o 1 2 3 4 5 6 7 8 9 10 11 12

cababcbababb#®$
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0123456738 9101112

Example T = [cababcbababb$]

o 1 2 3 4 5 6 7 8 9 10 11 12

c ababcbabab>bDd}$

S L
Ti...n < 7-i+1...n Tln > Ti—i—l...n
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Example T = [cababcbababb$] ﬂ(“

o 1 2 3 4 5 6 7 8 9 10 11 12
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Example T = [cababcbababb$] ﬂ(“

012345678910111f
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Example T = [cababcbababb$]

;[l q |_|F'L' ***** M J ******
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Example T = [cababcbababb$] ﬂ(“
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Example T = [cababcbababb$] ﬂ(“
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Example T = [cababcbababb$] ﬂ(“

012345678910111f
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012345678 9101112
Example T = [cababcbababb$] ﬂ(“
0 1 2 3 4 5 6 7 8 9 10 11 lf

E _||_||_||_I[b,0

Timo Bingmann, Johannes Fischer, and Vitaly Osipov — Inducing Suffix and LCP Arrays in External Memory
Institute of Theoretical Informatics — Algorithmics

January 7th, 2013 9/19



Example T = [cababcbababb$] ﬂ(“

0 1 2 3 4 5 6 7 8 9 10 11 12

1 NN
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Example T = [cababcbababb$]

o 1 2 3 4 5 6 7 8 9 10 11 12

S I I Y L=X=
L]
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Example T = [cababcbababb$] ﬂ(“

0 1 2 3 4 5 6 7 8 9 10 11 12
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Example T = [cababcbababb$]

0 1 2 3 4 5 6 7 8 9 10 11 12
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Example T = [cababcbababb$]

0 1 2 3 4 5 6 7 8 9 10 11 12
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Example T = [cababcbababb$]

0 1 2 3 4 5 6 7 8 9 10 11 12

c b ababbD
L L S*LL S*L L
b c
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Example T = [cababcbababb$]

O 1 2 3 4 5 6 7 8 9 10 11 12

c b ababob
L L L S*L L
$ b c
SA|12|7 % 9 3|116 8 2 10| |? |
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Example T = [cababcbababb$]

0 1 2 3 4 b 6 7 8 9 10 11 12

c b ababbD
L L S*LL S*L L
b c

193|1168210| |05
| i)
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Example T = [cababcbababb$] ﬂ(“

o 1 2 3 4 5 6 7 8 9 10 11 12

O g
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Example T = [cababcbababb$] ﬂ(“

0o 1 2 3 4 5 6 7 8 9 10 11 12

c b ababbD
L L S*LL S*L L
b c

19 3|11 6 8 2 1o|4|
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Example T = [cababcbababb$] ﬂ(“

o 1 2 3 4 5 6 7 10111f
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Example T = [cababcbababb$] ﬂ(“

o 1 2 3 4 5 6 7 10111f
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Example T = [cababcbababb$] ﬂ(“

o 1 2 3 4 5 6 7 10111f
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Example T = [cababcbababb$] ﬂ(“

0 1 2 3 4 5 6 7 10 11 1
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Example T = [cababcbababb$]

o 1 2 3 4 5 6 7 8 9 10 11 12

S I I | LI BS54

$
SA|l
LCP
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Example T = [cababcbababb$] ﬂ(“

o 1 2 3 4 5 6 7 8 9 10 11 12

S I I | LI BS54

? = LCP(12,7) + 1
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Example T = [cababcbababb$] ﬂ(“

o 1 2 3 4 5 6 7 8 9 10 11 12

S I I | LI BS54

? = LCP(12,7) + 1

Timo Bingmann, Johannes Fischer, and Vitaly Osipov — Inducing Suffix and LCP Arrays in External Memory
Institute of Theoretical Informatics — Algorithmics January 7th, 2013 1019




0123456738 9101112 \!(IT
[\

Example T = [cababcbababb$]

o 1 2 3 4 5 6 7 8 9 10 11 12

SA
LCP

o
SR o
Lo
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Example T = [cababcbababb$] ﬂ(“

o 1 2 3 4 5 6 7 8 9 10 11 12

SA
LCP

RMQ@ +1,j) + 1
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Example T = [cababcbababb$] ﬂ(“

o 1 2 3 4 5 6 7 8 9 10 11 12

SA
LCP

RMQ@ +1,j) + 1
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Example T = [cababcbababb$] ﬂ(“

o 1 2 3 4 5 6 7 8 9 10 11 12

RMQ@ +1,j) + 1
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Example T = [cababcbababb$] ﬂ(“

o 1 2 3 4 5 6 7 8 9 10 11 12
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Example T = [cababcbababb$] ﬂ(“

o 1 2 3 4 5 6 7 8 9 10 11 12

- A, S
O - o A
SR I S ——
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Example T = [cababcbababb$] ﬂ(“

o 1 2 3 4 5 6 7 8 9 10 11 12
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Example T = [cababcbababb$] ﬂ(“

o 1 2 3 4 5 6 7 8 9 10 11 12
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Example T = [cababcbababb$] ﬂ(“

o 1 2 3 4 5 6 7 10111f
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Example T = [cababcbababb$] ﬂ(“

9 10 11 IE
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Example T = [cababcbababb$] ﬂ(“

678910111E

k 0 1 2 3 4 h
R 2,0
SAp 4 2 0 3 1
ISAg 2 4 1 3 0
LCPr - 0 1 0 O
\LCPS* - 04 2 2 )
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eSAIS with LCP Construction A\K“

® Recursion size at most 7.
® All SA construction steps: EM scanning, sorting, and
PQ operations = amortized sorting complexity.
® LCP construction involves semi-dynamic RMQs.
Two solutions:
= EM algorithm in sorting complexity for N < M2, or
® succinct in-memory data structure for practice.
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eSAIS with LCP Construction ﬂ(“

Bl Find relative order of S*-suffixes.

Bl Split string into S*-substrings.

B Sort S*-substrings and give lexicographic names.

Bl Recursively calculate suffix and LCP array of
lexicographic names, if not unique.

B Calculate ranks of S*-suffixes (red arrows).

B Expand recursive LCPg to LCPg+.

B Induce order of remaining positions using ranks of S*-suffixes.
B Induce all L-suffixes from S*-suffixes.
B Solve RMQs internally or save to disk and process after SA.
Bl Reverse PQ order, induce all S-suffixes from L*
and solve RMQs (internally or externally) for LCP.
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eSAIS with LCP Construction IT

I/Os
Bl Find relative order of S*-suffixes.

Bl Split string into S*-substrings. O(scan(n))
B Sort S*-substrings and give lexicographic names.  O(sort(n))
B Recursively calculate suffix and LCP array of

lexicographic names, if not unique. < recurse(3)
B Calculate ranks of S*-suffixes (red arrows). O(sort(n))
B Expand recursive LCPg to LCPs-. O(sort(n))

B Induce order of remaining positions using ranks of S*-suffixes.
B Induce all L-suffixes from S*-suffixes. O(sort(n))
B Solve RMQs internally or save to disk and process after SA.
Bd Reverse PQ order, induce all S-suffixes from L*
and solve RMQs (internally or externally) for LCP.  O(sort(n))
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Implementation Highlights ﬂ(“
Implemented in C++ using STXXL.
STXXL [DKS08] provides efficient

EM sorting and a priority queue. n90..[ ””I] I] U”M ”
Enable 40-bit string positions. k Y ﬁ/ ﬁ/
Further EM issues: handle large

S*-substrings via splitting.
Source code available under GPL: ?E[ﬂ

http://tbingmann.de/2012/esais (after [San00])
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http://tbingmann.de/2012/esais

Construction SA only: eSAIS vs. DC3 AT

6 - T T T T T T T
—— Genome —=— Wikipedia Gutenberg
—— Pi Digits —— worst-case
R
5
24
@
o
(0] L
£ °
|_
2 [

254 255 256 2é7 258 2129 2230 2;31 2232
——eSAIS -+-DC3| Inputsize n[B]
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Construction Time: Gutenberg Text ﬂ(“

——eSAIS -e-DC3

30| | = eSAIS-LCPext -+ DC3-LCP .
1 —— eSAIS-LCPint
3 20 /4,_,4’/ |
Q
o
(O]
E 10/ |
|_
Ok -

254 256 258 2230 2232
Input size n [B]
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Construction Time: Gutenberg Text ﬂ(“

12|

]

—_

o
T

_S_
MiB

Time per input [
(o))

——eSAIS

-+-DC3

—=—eSAIS-LCPext -+-DC3-LCP

—— eSAIS-LCPint

1 1
224 226

1
228

1
230

Input size n [B]

1
232
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Construction Time: Wikipedia XML AT

—e—eSAIS

5 —o— eSAIS-LCPint |
@ -+-DC3
3 4| |
£
g ~
o 3f sac y
S
=

21 |

2;4 2;6 258 250 252 254 256
Input size n [B]
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Thank you for your attention!

Questions?
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