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Bernstein-Grundpolynome
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Bézier-Clipping
p = 25X5−35X4−15X3+40X2−15X +1
= 1B0,5(X)−2B1,5(X)−1B2,5(X)

+2.5B3,5(X)+0B4,5(X)+1B5,5(X)
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Algorithmus von de Casteljau für 0.5
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Intervallhalbierung mit de Casteljau
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Intervallhalbierung mit de Casteljau
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Reziproke Basis Di,n(t)

Di,n(t)=
n∑

j=0
ci,jBj,n(t)

ci,j =
(−1)i+j(n

i
)(n

j
) ·

min(i,j)∑
k=0

(2k+1)U(i)U(j)

mit U(r)=
(
n+k+1

n− r

)(
n−k
n− r

)
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Reziproke Basis Di,n(t)
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Berechnung von M(N,n) := (β
(N,n)
i,j )

β
(N,n)
i,j = 〈

Bi,N,Dj,n
〉

=
〈

Bi,N,
n∑

k=0
cj,kBk,n

〉

=
n∑

k=0
cj,k

〈
Bi,N,Bk,n

〉
direkt lösbar durch

〈Bi,m,Bj,n〉 =
(m

i
)(n

j
)

(m+n+1)
(m+n

i+j
)
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Beispiele für M(N,n)
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M(5,3) =
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Anwendung der Grad-Reduktionstechnik
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Der QuadClip Algorithmus
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Grad-Reduktion mit M(5,2)

M(5,2) ·b =
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t 

1
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=


−0.0714286
−0.464286

1.28571
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Der QuadClip Algorithmus
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Grad-Erhöhung mit M(2,5)
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Der QuadClip Algorithmus
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Der CubeClip Algorithmus
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Der CubeClip Algorithmus
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Untersuchte Polynome

f2 := (t− 1
3)(3− t)

f4 := (t− 1
3)(2− t)(t+5)2

f8 := (t− 1
3)(2− t)3(t+5)4

f16 := (t− 1
3)(2− t)5(t+5)10

g4 := (t− 1
3)

3(t−5)
g8 := (t− 1

3)
3(2+ t)3(t−5)2

g16 := (t− 1
3)

3(2+ t)2(t−5)7(t+7)4

h2 := (t−0.56)(t−0.57)
h4 := (t−0.4)(t−0.40000001)(t+1)(2− t)
h8 := (t−0.50000002)(t−0.50000003)(t+5)3(t+7)3

h16 := (t−0.30000008)(t−0.30000009)(6− t)7(t+5)6(t+7)
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Rekursionstiefe

ε 10−2 10−4 10−8 10−16 10−32 10−64 10−128

Alg B Q C B Q C B Q C B Q C B Q C B Q C B Q C
f2 2 1 1 3 1 1 4 1 1 5 1 1 6 1 1 7 1 1 8 1 1
f4 2 2 1 3 2 2 3 3 2 4 3 3 5 4 3 6 5 4 7 5 4
f8 3 2 2 3 2 2 4 3 2 5 3 3 6 4 3 7 4 4 8 5 4
f16 3 2 2 3 2 2 4 3 2 5 3 3 6 4 3 7 5 4 8 5 4
g4 7 7 5 14 14 7 27 27 9 54 54 11 55 103 13 55 200 16 55 396 17
g8 7 7 5 14 14 6 27 27 9 54 54 11 81 94 13 134 174 15 205 276 17
g16 6 7 3 12 14 5 23 27 6 45 54 8 90 94 11 179 174 13 293 277 15
h2 7 1 1 9 1 1 10 1 1 11 1 1 12 1 1 13 1 1 14 1 1
h4 7 3 3 13 4 4 22 6 5 26 7 5 27 7 6 28 8 7 30 9 7
h8 5 4 2 9 5 3 18 7 4 22 7 5 23 8 5 24 9 6 25 10 6
h16 4 2 2 7 3 3 14 5 4 18 5 4 19 6 5 20 7 5 21 8 6
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Rechenzeit
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Ende

Danke für die Aufmerksamkeit.

Demo!
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Appendix: Übersicht

5 Sätze und Beweise
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Bestapproximationssatz
Satz aus Numerischer Mathematik 1:

Für p ∈ΠN ist q =
n∑

i=0
αiBi Bestapproximation an Πn,

wenn für alle j = 0, . . . ,n

0= 〈p−q, Bj〉 =
〈

p−
n∑

i=0
αiBi , Bj

〉
,

also wenn
n∑

i=0
αi〈Bi , Bj〉 = 〈p, Bj〉

für alle j = 0, . . . ,n.
30



Lemma zum Beweis
n∑

k=0
〈f ,Bk〉〈Dk,Dj〉

=
n∑

k=0
〈f ,Bk〉

〈 n∑
i=0

ck,iBi ,Dj
〉

=
n∑

k=0
〈f ,Bk〉

n∑
i=0

ck,i〈Bi ,Dj〉

=
n∑

k=0
〈f ,Bk〉ck,j

=〈f ,
n∑

k=0
cBk〉

= 〈f ,Dj〉

31



Lemma zum Beweis
n∑

k=0
〈f ,Bk〉〈Dk,Dj〉

=
n∑

k=0
〈f ,Bk〉

〈 n∑
i=0

ck,iBi ,Dj
〉

=
n∑

k=0
〈f ,Bk〉

n∑
i=0

ck,i〈Bi ,Dj〉

=
n∑

k=0
〈f ,Bk〉ck,j

=〈f ,
n∑

k=0
cBk〉

= 〈f ,Dj〉

31



Lemma zum Beweis
n∑

k=0
〈f ,Bk〉〈Dk,Dj〉

=
n∑

k=0
〈f ,Bk〉

〈 n∑
i=0

ck,iBi ,Dj
〉

=
n∑

k=0
〈f ,Bk〉

n∑
i=0

ck,i〈Bi ,Dj〉

=
n∑

k=0
〈f ,Bk〉ck,j

=〈f ,
n∑

k=0
cBk〉

= 〈f ,Dj〉

31



Lemma zum Beweis
n∑

k=0
〈f ,Bk〉〈Dk,Dj〉

=
n∑

k=0
〈f ,Bk〉

〈 n∑
i=0

ck,iBi ,Dj
〉

=
n∑

k=0
〈f ,Bk〉

n∑
i=0

ck,i〈Bi ,Dj〉

=
n∑

k=0
〈f ,Bk〉ck,j

=〈f ,
n∑

k=0
cBk〉

= 〈f ,Dj〉

31



Lemma zum Beweis
n∑

k=0
〈f ,Bk〉〈Dk,Dj〉

=
n∑

k=0
〈f ,Bk〉

〈 n∑
i=0

ck,iBi ,Dj
〉

=
n∑

k=0
〈f ,Bk〉

n∑
i=0

ck,i〈Bi ,Dj〉

=
n∑

k=0
〈f ,Bk〉ck,j

=〈f ,
n∑

k=0
ck,jBk〉

= 〈f ,Dj〉

31



Lemma zum Beweis
n∑

k=0
〈f ,Bk〉〈Dk,Dj〉

=
n∑

k=0
〈f ,Bk〉

〈 n∑
i=0

ck,iBi ,Dj
〉

=
n∑

k=0
〈f ,Bk〉

n∑
i=0

ck,i〈Bi ,Dj〉

=
n∑

k=0
〈f ,Bk〉ck,j

=〈f ,
n∑

k=0
ck,jBk〉

= 〈f ,Dj〉

31



Lemma zum Beweis
n∑

k=0
〈f ,Bk〉〈Dk,Dj〉

=
n∑

k=0
〈f ,Bk〉

〈 n∑
i=0

ck,iBi ,Dj
〉

=
n∑

k=0
〈f ,Bk〉

n∑
i=0

ck,i〈Bi ,Dj〉

=
n∑

k=0
〈f ,Bk〉ck,j

=〈f ,
n∑

k=0
cj,kBk〉

= 〈f ,Dj〉

31



Lemma zum Beweis
n∑

k=0
〈f ,Bk〉〈Dk,Dj〉

=
n∑

k=0
〈f ,Bk〉

〈 n∑
i=0

ck,iBi ,Dj
〉

=
n∑

k=0
〈f ,Bk〉

n∑
i=0

ck,i〈Bi ,Dj〉

=
n∑

k=0
〈f ,Bk〉ck,j

=〈f ,
n∑

k=0
cj,kBk〉 = 〈f ,Dj〉

31



Lemma zum Beweis
n∑

k=0
〈f ,Bk〉〈Dk,Dj〉

=
n∑

k=0
〈f ,Bk〉

〈 n∑
i=0

ck,iBi ,Dj
〉

=
n∑

k=0
〈f ,Bk〉

n∑
i=0

ck,i〈Bi ,Dj〉

=
n∑

k=0
〈f ,Bk〉ck,j

=〈f ,
n∑

k=0
cj,kBk〉 = 〈f ,Dj〉

31



Direkte Formel für q(t)=∑n
j=0αjBj,n(t)

Wir haben für p =∑N
i=0 biBi,N:

αj = 〈p,Dj,n〉 =
〈

N∑
i=0

biBi,N,Dj,n

〉

=
N∑

i=0
bi

〈
Bi,N,Dj,n

〉

=
N∑

i=0
biβ

(N,n)
i,j

mit M(N,n) := (β
(N,n)
i,j )= (

〈
Bi,N,Dj,n

〉
)i=0,...,N

j=0,...,n
.

(M(N,n))t


b0
...

bN

=


β
(N,n)
0,0 · · · β

(N,n)
N,0... . . . ...

β
(N,n)
0,n · · · β

(N,n)
N,n




b0
...

bN

=


α0
...
αn
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